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We show that the threshold of a photonic crystal surface-emitting laser can be calculated from

first-principles by the method of rigorous coupled wave analysis (RCWA), which has been widely

used to simulate the response spectra of passive periodic structures. Here, the scattering matrix

(S-matrix) of a surface-emitting laser structure with added gain is calculated on the complex frequency

plane using RCWA, and the lasing threshold is determined by the value of the gain for which the pole

of the S-matrix reaches the real axis. This approach can be used for surface emitting laser structures in

general and is particularly useful for those with complex in-plane structures. Published by AIP
Publishing. https://doi.org/10.1063/1.5045486

Surface-emitting lasers are advantageous over edge-

emitting waveguide lasers in several aspects including better

beam shape and the ease for integration as a two-dimensional

array and thus are widely used in optical communications and

interconnects.1–11 The recent successful experimental demon-

stration of photonic-crystal surface emitting lasers (PCSELs)

with high power, high beam quality, and beam-steering capa-

bility can further extend the usability of surface-emitting

lasers in power-demanding applications such as free-space

sensing.7–10,12–19 Motivated by the experiments, there have

been significant efforts in developing efficient simulation

tools for PCSEL.20–28 Here, of particular interest is the capa-

bility to predict the threshold of PCSEL, taking into account

the full complexity of the structure.

In an edge-emitting waveguide laser, the threshold is

typically calculated by equating the cavity round-trip gain to

the loss.29 However, in a PCSEL, the optical mode is defined

by the 2D photonic crystal layer, and the cavity round-trip is

not well defined. Several recent works have developed cou-

pled mode theory models for PCSEL.20,22–25 These models

typically treat the physics of PCSEL in terms of the coupling

between a small number of waveguide modes inside the pho-

tonic crystal layers. Such models provide significant insights

into the operating mechanism of PCSELs. However, as a

numerical method, the coupled mode model makes uncon-

trolled approximations. For example, the use of only a small

number of waveguide modes is difficult to justify in photonic

crystal structures where the index contrast can be quite

large.30 Also, these calculations typically obtain the trans-

verse profile of the waveguide modes by considering a corre-

sponding uniform dielectric waveguide, which again is

approximate. This approximation in particular may influence

the accuracy of the confinement factor which was used to

compute the threshold in these analyses.26,31–33

In the absence of gain, the PCSEL structure consists of

multiple layers with periodic structures in some of the layers.

Such a passive multilayer periodic structure can be readily

treated using the rigorous coupled wave analysis (RCWA)

method, for which several standard code packages are readily

available.34–37 In this letter, we show that the same RCWA

code can be directly used, with very little modification, to

compute the threshold of a PCSEL entirely from first princi-

ples, taking into account the full complexity of the structure

with no uncontrolled approximations. Conceptually, our

development here builds upon the insights developed in the

steady-state ab initio laser theory (SALT).38–40 It was shown

in SALT that the threshold of a laser can be simulated in a

linear calculation by adding gain to a passive structure, until

for a specific gain value a pole of the scattering matrix

(S-matrix) first crosses the real axis. Such a gain value then

corresponds to the threshold gain. Previously, SALT has been

applied in simulating non-regular laser cavities such as nano-

disk lasers and random lasers.38,39,41 Here, we show that a

combination of the concept of SALT with a numerical imple-

mentation in RCWA leads to a particularly convenient and

powerful method for computing the threshold of a PCSEL.

Surface-emitting lasers typically contain multiple layers

with different refractive indices to confine light. These layers

can be either uniform or a 2D photonic crystal in the case of

a PCSEL. In a PCSEL, the photonic crystal slab layer is of

critical importance since it defines the band structure and

hence controls the lasing modal characteristics. Therefore, as

an illustration of our method, here we first consider the cal-

culation of the threshold gain of a hypothetical laser structure

consisting of a single 2D photonic crystal slab suspended in

the air. A schematic of the structure is shown in Fig. 1. For

this study, we assume that the slab has a dielectric constant

of 12, representing that of a typical III-V semiconductor

such as GaAs. Gain can be added as the imaginary part of

the permittivity ei in the slab. The holes and the surrounding

vacuum have a dielectric constant of 1. We assume that the

slab has a thickness of d¼ 0.5 a, where a is the lattice con-

stant. The holes have a radius of r¼ 0.2 a.

We start by simulating the passive structure in the

absence of the gain using RCWA, which has been widely

used for this purpose. In Fig. 1(a), we plot the intensity

reflection coefficient as a function of both in-plane wavevec-

tor kx along the x-direction and the frequency f. The in-planea)shanhui@stanford.edu

0003-6951/2018/113(4)/041106/5/$30.00 Published by AIP Publishing.113, 041106-1

APPLIED PHYSICS LETTERS 113, 041106 (2018)

https://doi.org/10.1063/1.5045486
https://doi.org/10.1063/1.5045486
https://doi.org/10.1063/1.5045486
mailto:shanhui@stanford.edu
http://crossmark.crossref.org/dialog/?doi=10.1063/1.5045486&domain=pdf&date_stamp=2018-07-27


wave vector varies along the C-X direction in the first

Brillouin zone of the photonic crystal. The reflection coeffi-

cients are calculated only for propagating modes that lie to

the left of the light line x¼ c0kx, where c0 is the light speed

in vacuum and x¼ 2pf is the angular frequency. Also, in

Fig. 1(c), we plot the reflection spectrum at the C point as a

reference. In both Figs. 1(a) and 1(c), we see the slow-

varying features which correspond to the Fabry-P�erot reso-

nances of the structure, as well as the sharp spectral features

that represent the guided resonances.42,43 The plot in Fig.

1(a), which shows the reflection spectra as a function of the

in-plane wavevector and the frequency, thus in practice pro-

vides a simple way to visualize the photonic band structure

of the guided resonances. At the C point which corresponds

to a plane wave normally incident upon the structure, due to

the rotational symmetry, any bright mode must be twofold

degenerate. A bright mode is defined as a mode that can cou-

ple to the externally incident plane wave. The lowest-

frequency bright mode, with a frequency of approximately

0.38 c/a, is marked as mode A in Fig. 1(a).

With RCWA, we can calculate the S-matrix of a PCSEL

structure,34–36 which relates the amplitudes of the input

waves to those of the output waves, i.e.,

b ¼ SkðxÞa: (1)

In Eq. (1), k is the Bloch wavevector defined in the first

Brillouin zone of the crystal, which is conserved in the scatter-

ing process due to the in-plane periodicity of the structure. a
and b are the vectors, the components of which are the ampli-

tudes of waves in the channels as labeled by the in-plane wave

vectors kn ¼ k þ n1G1 þ n2G2, where n1 and n2 are the inte-

gers and G1;G2 are the reciprocal lattice vectors. Since we

assume vacuum outside of the slab, the wave in each channel

then has a wavevector component of qn ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2=c2 � k2

n

p
per-

pendicular to the slab. The channels are further labeled by

whether the waves are above or below the slab and by the

polarization.

In typical RCWA calculations, the frequency x is assumed

to be real. The channels can then be characterized as either

propagating or evanescent in the direction perpendicular to the

slab, depending on whether qn is real or imaginary. In our cal-

culations, however, we will be interested in the analytical prop-

erties of SkðxÞ in the complex x plane.37 In this case, qn is in

general complex for all ns. With a complex or purely imaginary

qn, the incoming (outgoing) waves in a channel correspond to

waves that spatially decay towards (away from) the slab.

In the complex frequency plane, the frequency xp,

where detðSðxÞÞ diverges, defines the pole of the S-matrix.

A pole corresponds to a resonance of the structure. Due to

causality, in a passive structure, the imaginary part of the fre-

quency of a pole must be non-negative. (Throughout this

paper, we follow the eþixt convention for the complex field.)

In Fig. 1(b), we plot log ðdetðSCðxÞÞÞ on the complex fre-

quency plane for the structure shown in Fig. 1(a). By com-

paring to the reflection spectra at C shown in Fig. 1(c), we

can identify several types of resonances. The poles with the

real part of xp at 0.31 c/a and 0.59 c/a correspond to the

Fabry-Pèrot resonances of the slab. The poles with their real

part of xp in the range of 0.38–0.54 c/a, including mode A,

are guided resonances. The imaginary parts of these guided-

resonance poles are much smaller in magnitude as compared

to the Fabry-Pèrot poles, indicating that energy in these

guided resonance leaks out of the structure at a much slower

rate as compared to the Fabry-Pèrot resonances. Finally, sev-

eral poles, e.g., the one with a frequency of 0.35 c/a, are

located directly on the real axis. These poles correspond to

dark states in the band structure in Fig. 1(a), in particular the

singly degenerate modes at C, and they do not couple to

free-space radiation.43 Thus, they have no corresponding res-

onant features in the reflection spectra, as is seen by compar-

ing Figs. 1(b) and 1(c).

In the following, we proceed to compute the lasing

threshold of mode A when gain is introduced into the sys-

tem. In a PCSEL, lasing typically occurs at the band edge,

where the in-plane group velocity vanishes and hence the in-

plane leakage rate is small. The band edge usually occurs at

either the center or the boundaries of the first Brillouin zone,

unless especially designed.10 Moreover, in a semiconductor

system, the gain spectrum of the material is relatively

FIG. 1. (a) Reflection spectra of a square lattice photonic crystal slab struc-

ture in the C-X direction. Schematics of the photonic crystal slab and the first

Brillouin zone are shown in the inset. d is the slab thickness, a is the lattice

constant, and r is the radius of the holes. (b) logðdetðSCðxÞÞÞ at the C point

on the complex frequency plane. Bright points are the poles of the S-matrix.

(c) The reflection spectra at the C point (normal incidence). The Fano reso-

nances correspond to the doubly degenerate modes at C.
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narrow. Thus, with a proper choice of the geometric parame-

ters to ensure that the frequency of a particular band edge

mode lies within the gain spectrum of the material, it is pos-

sible to design a PCSEL that selectively lases at a particular

band edge mode.

To compute the lasing threshold of mode A, we intro-

duce a positive imaginary part to the permittivity and exam-

ine the position of the poles as the gain is increased. The

enlarged plot of the pole of mode A is shown in Fig. 2(a).

With added gain in the structure, the net energy-loss rate in

the mode is reduced. Hence, the pole should move closer to

the real axis as gain is increased. The pole reaches the real

axis under a ei of 6� 10�2. At this point, the energy in mode

A does not decay. The value of ei therefore represents the

lasing threshold of mode A.

The calculation approach discussed here can be readily

applied to a realistic PCSEL structure. As an example, we

study a PCSEL previously published in Ref. 8. A schematic

of the PCSEL is shown in Fig. 3. For the optical computa-

tion, we only include the n-cladding layer, the active layer,

the carrier blocking layer, the photonic crystal layer, and the

p-cladding layer. The real part of the dielectric constant and

the thickness of each layer are taken from Ref. 8 and are

listed in Table I. The lattice constant in the photonic crystal

layer is 287 nm, and the triangular air holes have a side

length of 175 nm. For simplicity, we assume that the side

wall of the air holes is vertical. More complex side-wall

geometries can be incorporated in the RCWA calculation by

dividing the photonic crystal layer into thinner layers with

progressively changing hole sizes as an approximation.

In Fig. 3(b), we plot the reflection spectrum in the fre-

quency range of 0.2975–0.3075 c/a. The sharp spectral fea-

tures here have the same shapes as the band structure

measured in Ref. 8. By comparing to the band structure in

Fig. 4(a) of Ref. 8, we identify the lasing mode B as is

marked in Fig. 3(b). The calculated band structure is shifted

in frequency compared to Fig. 4(a) of Ref. 8. This may result

from the deformations in the size and the shape of the air

holes in the actual fabrication process. In Fig. 4(a), we show

the computed detðSÞ as a function of real and imaginary parts

of the complex frequency, in the vicinity of mode B, in the

absence of gain. The Q factor of the mode is calculated as

Q ¼ Reðf Þ=Imðf Þ ¼ 9:8� 104, where f is the complex fre-

quency of the pole.

To simulate the lasing threshold, we introduce optical

gain to the active layer in the structure. In reality, gain is pro-

vided by the optical transition between confined states in the

quantum wells (QWs). Such gain always has dispersion.

Here, we assume a Lorentz model for the semiconductor

gain, written as

eðxÞ ¼ eb þ
Dex2

1

x2
1 � x2 þ iCx

: (2)

In Eq. (2), eb is the background permittivity, De is the oscilla-

tor strength, x1 is the center angular frequency, and C char-

acterizes the gain bandwidth. The peak gain g is related

to the oscillator strength by g ¼ x2
1

Cc0
ffiffiffi
eb
p De. Incorporating a

frequency-dependent permittivity in RCWA is straightfor-

ward since RCWA is a frequency-domain method.

Moreover, in order to treat such dispersion rigorously, we

calculate the frequency-dependent permittivity on the com-

plex plane by analytical continuation, i.e., using the complex

x in Eq. (2). We vary the gain introduced into the structure

by changing the oscillator strength De. For this study, we

assume a nominal center wavelength of the gain profile at

940 nm, with a gain bandwidth of 5% x1. The background

permittivity is eb¼ 11.799.

As is shown in Fig. 4, the pole of the S-matrix moves

towards the real axis as gain is increased, similar to the case

of the photonic crystal slab. With a linear fitting, we retrieve

the threshold condition as a peak gain of gth¼ 11.4 cm�1.

This number is comparable but somewhat smaller than that

FIG. 2. Threshold analysis of the photonic crystal slab in Fig. 1 incorporat-

ing gain. (a)–(d) Movement of the pole in the complex plane as the imagi-

nary part of the dielectric constant in the photonic crystal slab ei increases.

FIG. 3. (a) Schematic of the PCSEL in Ref. 8. The n-cladding layer, active

layer, carrier blocking layer, photonic crystal layer, and the p-cladding layer

are indicated in the plot. (b) Band structure of the PCSEL in the C-X direc-

tion. The modes A, B, C, and D, following the notation in Ref. 8, are identi-

fied and marked in the plot.

TABLE I. Structure of the PCSEL in Ref. 8.

Layer Dielectric constant Thickness (nm)

n-cladding 9.747 2000

Active 11.799 180

Carrier blocking 12.624 65

Photonic crystal GaAs: 12.624/Air: 1.0 235

p-cladding 10.713 1800
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reported in Ref. 8. This may be partially due to the fact that

we have assumed uniform gain in the entire active layer,

whereas Ref. 8 assumed a quantum well gain medium. Since

the electron wave functions are typically well confined in the

quantum wells (QWs), optical gain should only benefit from

the QWs, which is a fraction of the total thickness of the

active layer. By comparing Figs. 4(a)–4(c), we find that the

real part of the frequency of the mode shifts as gain is

increased. This is due to the change of the real part of the

permittivity in the dielectric layer as gain is increased.

In the laser threshold simulation mentioned above, we

have considered the intrinsic radiation loss and neglected the

doping induced material loss in the layers. The latter can be

straightforwardly incorporated as the imaginary parts of the

dielectric constants in the corresponding layers. In the pres-

ence of material loss, the output efficiency g of the laser can

be calculated as

g ¼

1

2
<
ð

E� H�dS

1

2
x
ð

ar

eijEj2dV
; (3)

where the integral in the numerator is over the area of a

period of the structure on a surface in the output region. The

integral in the denominator is over the volume of a period in

the active region. ei is the imaginary part of the permittivity

representing the gain. The denominator in Eq. (3) represents

the input power density from the pump, and the numerator

represents the output power density.

The RCWA method used here assumes an infinite peri-

odic structure and does not take into account the finite-size

effect in-plane. However, as is pointed out in previous stud-

ies, in a typical PCSEL with a size that is much larger than

the lattice constant, the in-plane loss is negligibly small.21,23

Thus, simulating an infinite periodic structure is of use in the

practical design of PCSEL.

In summary, we have shown that the threshold of a

surface-emitting laser can be calculated from first-principles

using RCWA. This method models the full 3D structure and

calculates the S-matrix of the structure on the complex

frequency plane. In an active structure with gain, the thresh-

old condition is obtained as the pole of the S-matrix reaches

the real axis. This approach can be used for surface emitting

laser structures in general. It is particularly useful for

PCSELs which have complex periodic in-plane structures,

where the conventional approach of threshold analysis in

waveguide lasers does not apply.
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